In 1940, Lebesgue gave an approximate description of the neighborhoods of 5-vertices in the class P 5 of 3-polytopes with minimum degree 5.
For each P 5 with no 6-to 8-vertices, it follows from Lebesgue's Theorem that h(S 5 ) ≤ 17 and w(S 5 ) ≤ 46, which bounds were improved in Borodin, Ivanova and Nikiforov [7] to the best possible bounds h(S 5 ) ≤ 12 and w(S 5 ) ≤ 42.
Under the absence of 6-and 7-vertices, Lebegue's bound h(S 5 ) ≤ 23 was improved by Borodin et al. [5] to the sharp bound h(S 5 ) ≤ 14.
For each P 5 with no 6-vertices, it follows from Lebesgue's Theorem that h(S 5 ) ≤ 41. This bound was lowered to h(S 5 ) ≤ 28 by Borodin, Ivanova, and Jensen [4] , then to h(S 5 ) ≤ 23 in Borodin-Ivanova [2] , and finally to the tight bound h(S 5 ) ≤ 17 by Borodin, Ivanova, and Nikiforov [6] .
As for the minimum weight of minor 5-stars in P 5 s under the absence of 6-vertices, Lebesgue's bound w(S 5 ) ≤ 68 was lowered to w(S 5 ) ≤ 55 by Borodin, Ivanova, and Jensen [4] and then to w(S 5 ) ≤ 51 in Borodin-Ivanova [2] . The purpose of this paper is to prove the following fact. Theorem 1. Every 3-polytope with minimum degree 5 and neither 6-vertices nor minor (5, 5, 5, 5, ∞)-stars has a minor 5-star with weight at most 44, which bound is best possible.
We note that a light minor 5-star ensured by Theorem 1 has height at most 44 − 4 × 5 − 7 = 17. The tightness of the bounds 44 and 17 is confirmed by a construction in [6] .
Proof of Theorem 1
Discharging.
Suppose that a 3-polytope P ′ 5 is a counterexample to the main statement of Theorem 1. Thus each minor 5-star in P ′ 5 has weight at least 45 and at most three 5-vertices.
Let P 5 be a counterexample with the maximum number of edges on the same set of vertices as P ′ 5 . Remark 2. P 5 has no 4 + -face with two nonconsecutive 7 + -vertices along the boundary, for otherwise adding a diagonal between these vertices would result in a counterexample with greater number of edges.
Let V , E, and F be the sets of vertices, edges, and faces of P 5 . Euler's formula |V | − |E| + |F | = 2 implies
We assign an initial charge µ(v) = d(v) − 6 to each v ∈ V and µ(f ) = 2d(f ) − 6 to each f ∈ F , so that only 5-vertices have a negative initial charge.
Using the properties of P 5 as a counterexample to Theorem 1, we define a local redistribution of charges, preserving their sum such that the final charge µ(x) is non-negative for all x ∈ V ∪ F . This will contradict the fact that the sum of the final charges is, by (1), equal to −12.
The final charge µ ′ (x) whenever x ∈ V ∪ F is defined by applying the rules R1-R11 below (see Figure 1) .
For a vertex v, let v 1 , . . . , v d(v) be the vertices adjacent to v in a fixed cyclic order. If f is a face, then v 1 , . . . , v d(f ) are the vertices incident with f in the same cyclic order.
If d is an integer with 8 ≤ d ≤ 15, then we put Figure 1 , R11). 
R1. Each 4 + -face gives
(n) 
If v k+1 is not simplicial, then we switch From now on suppose that v k+1 is simplicial, and let z k be the vertex conjugated with v k with respect to the edge y k v k+1 . Since v k receives 5 6 by R7(n) by our assumption, it follows that d(z k ) / ∈ {7, . . . , 11}, for otherwise y k is strong since it has the fifth neighbor of degree at least w(S 5 ) − 3 × 5 − 2 × 11 = 8 and is simplicial in view of Remark 2.
If d(z k ) ≥ 12, then we switch From now on we can assume that v is simplicial. Next suppose v has at least one 7-neighbor. Now the other two 7 + -neighbors have the total degree at least 30 − 7 = 23, so there is a 12 + -neighbor, say v 2 , among them.
If v 2 gives v at least 
